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a b s t r a c t
An L(2, 1)-labeling of a graph G is defined as a function f from the vertex set V (G) into the
nonnegative integers such that for any two vertices x, y, |f (x) − f (y)| ≥ 2 if d(x, y) = 1
and |f (x)− f (y)| ≥ 1 if d(x, y) = 2, where d(x, y) is the distance between x and y in G. The
L(2, 1)-labeling number λ2,1(G) of G is the smallest number k such that G has an L(2, 1)-
labeling with k = max{f (x)|x ∈ V (G)}. In this paper, we consider the graph formed by
the skew product and converse skew product of two graphs, and give new upper bounds
of the L(2, 1)-labeling number, which improves the upper bounds obtained by Shao and
Zhang [Z.D. Shao, D. Zhang, Improved upper bounds on the L(2, 1)-labeling of the skew
and converse skew product graphs, Theoret. Comput. Sci. 400 (2008) 230–233] in many
cases.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
The tremendous growth ofwireless networks hasmade the efficient use of the scarce radio frequency important. The task
of the frequency assignment problem is to assign a frequency to each of the given transmitters such that the interference
between nearby transmitters is avoided and the span of the assignment between the largest and smallest frequencies is
minimized.
Hale [1] first formulated the frequency assignment problem into a graph vertex coloring problem. Later Roberts [2]
proposed a variation of the problem in which there are two levels of inference, ‘‘close" and ‘‘very close", depending on
the distance between the transmitters. In order to reduce the inference, any two ‘‘close" transmitters must receive different
frequencies, and any two ‘‘very close" transmitters must receive frequencies by at least two apart. The transmitters are
represented by the vertices of a graph. There is an edge between two vertices if the corresponding transmitters are ‘‘very
close". Two vertices are defined ‘‘close" if they are of distance two in the graph. Then in 1992, Griggs and Yeh [3] formulated
the L(2, 1)-labeling of graphs.
An L(2, 1)-labeling of a graph G is defined as a function f from the vertex set V (G) into the nonnegative integers such
that for any two vertices x, y, |f (x)− f (y)| ≥ 2 if d(x, y) = 1 and |f (x)− f (y)| ≥ 1 if d(x, y) = 2, where d(x, y), the distance
of x and y, is the length of a shortest path between x and y. A k-L(2, 1)-labeling is an L(2, 1)-labeling such that no label is
greater than k. The L(2, 1)-labeling number λ2,1(G) of G is the smallest number k such that G has a k-L(2, 1)-labeling.
Due to its practical importance, the L(2, 1)-labeling problemhas been extensively studied in the past decade [3–9,11–21].
Most of these papers consider the values of λ2,1(G) on particular classes of graphs. However, from the algorithmic point of
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Fig. 1. Examples: a. Skew product; b. Converse skew product.
view, it is known to beNP-hard to determine the exact L(2, 1)-labeling number for general graphs [3], even for planar graphs,
bipartite graphs and chordal graphs [6]. So good upper and lower bounds on the L(2, 1)-labeling number aremore important
and necessary. Griggs and Yeh [3] proved an upper bound ∆2 + 2∆ for any simple graph with maximum degree ∆. Later,
Chang and Kuo [4] improved the bound to λ2,1(G) ≤ ∆2+∆. And Gonçalves [5] decreased it to∆2+∆−2. If G is a diameter
2 graph, then λ2,1(G) ≤ ∆2 [3]. Motivated by the research on diameter 2 graphs, Griggs and Yeh [3] suggested the following
conjecture:
Conjecture 1.1. For any graph G with maximum degree∆ ≥ 2, λ2,1(G) ≤ ∆2.
We can claim that this is the most famous open problem in this area [6]. van den Heuvel and McGuinnes [10] proved
that the conjecture holds for planar graphs with maximum degree∆ ≥ 7. Sakai [11] proved that chordal graphs satisfy the
conjecture and more precisely that λ2,1(G) ≤ 14 (∆+ 3)2. See [6] for more information.
Graph products play an important role in connecting various useful networks and many other areas of research [13].
Papers [8,9,13] proved that the conjecture is true for four classes of product graphs that are the direct product, the strong
product, the cartesian product, the skew product and converse skew product of non-trivial graphs (with some minor
exceptions).
The skew product and converse skew product of graphs, which were introduced by Shibata and Kikuchi [12], are defined
as follows:
The skew product: G△H has vertex set V (G)× V (H), and edge set E(G△H) = {((u1, v1), (u2, v2))|[u1 = u2 and v1v2 ∈
E(H)] or [u1u2 ∈ E(G) and v1v2 ∈ E(H)]}. An example is shown in Fig. 1.
The converse skew product: G∇H has vertex set V (G) × V (H), and edge set E(G∇H) = {((u1, v1), (u2, v2))|[v1 =
v2 and u1u2 ∈ E(G)] or [u1u2 ∈ E(G) and v1v2 ∈ E(H)]}. An example is shown in Fig. 1.
In this paper, we consider the graph formed by the skew product and converse skew product of two graphs and improve
the upper bounds of the L(2, 1)-labeling number obtained by Shao and Zhang [13] in many cases.
2. A labeling algorithm
For any fixed positive integer k, a k-stable set of a graph G is a subset S of V (G) such that every two distinct vertices in S
are of distance greater than k. A 1-stable set is a usual independent set. A maximal 2-stable subset S of a set F is a 2-stable
subset of F such that S is not a proper subset of any 2-stable subset of F .
Chang and Kuo [4] proposed the following algorithm for obtaining an L(2, 1)-labeling and the maximum value of that
labeling on a given graph.
Algorithm 2.1.
Input: A graph G = (V , E).
Output: The value l is the maximum label.
Idea: In each step, find a maximal 2-stable subset from these unlabeled vertices that are distance at least 2 away from those
vertices labeled in the previous step. Then label all vertices in that 2-stable subset with the index i in the current stage. The
index i starts from 0 and then increases by 1 in each step. The maximum label l is the final value of i.
Initialization: Set S−1 = ∅; V = V (G); i = 0.
Iteration:
1. Determine Fi and Si.
Fi = {x ∈ V : x is unlabeled and d(x, y) ≥ 2 for all y ∈ Si−1}
Si is a maximal 2-stable subset of Fi.
If Fi = ∅ then set Si = ∅.
2. Label these vertices in Si(if there is any) by i.
3. V ← V \ Si.
4. V ≠ ∅ then i ← i+ 1; go to Step 1.
5. Record the current i as l (which is the maximal label). Stop.
Therefore l is an upper bound on λ2,1(G). We would like to find a bound in terms of the maximum degree∆(G) of G.
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Let x be a vertex with the largest label l obtained by Algorithm 2.1. Define
I1 = {i : 0 ≤ i ≤ l− 1 and d(x, y) = 1 for some y ∈ Si},
I2 = {i : 0 ≤ i ≤ l− 1 and d(x, y) = 2 for some y ∈ Si},
I2 = {i : 0 ≤ i ≤ l− 1 and d(x, y) ≤ 2 for some y ∈ Si},
I3 = {i : 0 ≤ i ≤ l− 1 and d(x, y) ≥ 3 for all y ∈ Si}.
It is clear that |I2| + |I3| = l. For any i ∈ I3, x /∈ Fi, for otherwise Si ∪ {x} is a 2-stable subset of Fi, which contradicts
the choice of Si. That is, d(x, y) = 1 for some vertices y in Si−1, i.e., i − 1 ∈ I1. This implies |I3| ≤ |I1|. Hence l = |I2|
+ |I3| ≤ |I2| + |I1| ≤ 2|I1| + |I2|.
In order to find l, it suffices to estimate 2|I1| + |I2| in terms of∆(G).
3. The skew and converse skew products of graphs
By the definition of the skew product G△H of two graphs G and H , if∆(G) = 0 or∆(H) = 0, then G△H is a disjoint copy
of H or empty. Therefore we assume∆(G) ≥ 1 and∆(H) ≥ 1.
In this section, we obtain an upper bound in terms of the maximum degree of G△H for any two graphs G and H .
Theorem 3.1. Let∆,∆1,∆2 be themaximumdegree of G△H, G, H respectively. Thenλ2,1(G△H) ≤ ∆2+∆−∆21∆2−2∆22∆1−
∆1∆2 +∆1 +∆21.
Proof. Let x = (u, v) in V (G) × V (H). Then degG△H(x) = degG(u)degH(v) + degH(v). Define d = degG△H(x), d1 =
degG(u), d2 = degH(v),∆1 = ∆(G) and∆2 = ∆(H). Hence d = d1d2 + d2 and∆ = ∆(G△H) = ∆1∆2 +∆2.
The goal of the proof is to evaluate |I1| and |I2|. Obviously, |I1| = d ≤ ∆, |I2| ≤ d(∆ − 1). Next, we will investigate a
better upper bound of |I2| by the structure of the skew product G△H .
For any adjacent vertex u′ in G of u, (u′, v) and (u, v) are not adjacent in G△H . Note that the degree of v in H is d2, i.e.,
v has d2 adjacent vertices in H , and so by the definition of a skew product G△H , there must be 2d2 internally disjoint paths
of length 2 between (u′, v) and (u, v) in G△H . Hence for any adjacent vertex u′ in G of u, there must be corresponding 2d2
vertices with distance 2 from x = (u, v) which coincide in G△H . There are d1 adjacent vertices of u in G, and hence the
number of vertices with distance 2 from x = (u, v) in G△H will decrease d1(2d2 − 1) from the value d(∆ − 1). (See Fig. 2
for this paragraph.)
Let the number of vertices in G with distance 2 from u be r , then 0 ≤ r ≤ d1(∆1 − 1). If r > 0, then for any vertex u′′
in G with distance 2 from u, there must be a path uu′u′′ of length 2 between u′′ and u in G. Note that degH(v) = d2, i.e., v
has d2 adjacent vertices in H , and so by the definition of a skew product G△H , there must be d2 internally disjoint paths of
length 2 between (u′′, v) and (u, v) in G△H . Hence for any vertex in Gwith distance 2 from u, there must be corresponding
d2 vertices with distance 2 from x = (u, v)which coincide in G△H . And they can only be counted once, so we have to deduct
d2 − 1 from the value d(∆− 1). If r = 0, there do not exist such corresponding d2 vertices with distance 2 from x = (u, v)
which coincide in G△H , we have to deduct d2 from the value d(∆ − 1). The maximum number of vertices with distance 2
from x = (u, v) in G△H occurs when r = d1(∆1 − 1), and hence in this sense the number of vertices with distance 2 from
x = (u, v) in G△H will decrease d1(∆1 − 1)(d2 − 1) from the value d(∆− 1). (See Fig. 2 for this paragraph.)
For H , we can analyze similarly with above paragraph and know that the number of vertices with distance 2 from
x = (u, v) in G△H will still decrease d2(∆2 − 1)d1 from the value d(∆− 1). (See Fig. 3 for this paragraph.)
By the definition of a skew product G△H , any vertex (ui, v) or (ui, v′′) is of distance 2 from (u, v) in G△H , where
1 ≤ i ≤ d1. Note that there are d2 adjacent vertices of v in H . For each vertex of (ui, v), 1 ≤ i ≤ d1, there must be
corresponding 2d2 vertices with distance 2 from x = (u, v)which coincide in G△H . For each vertex of (ui, v′′), 1 ≤ i ≤ d1,
theremust be corresponding 2 verticeswith distance 2 from x = (u, v)which coincide inG△H . Note that there are d2(∆2−1)
vertices with distance 2 from v inH , and hence the number of vertices with distance 2 from x = (u, v) in G△H will decrease
d1(2d2 − 1)+ d2(∆2 − 1)d1 from the value d(∆− 1). (See Fig. 3 for this paragraph.)
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Hence the number of vertices with distance 2 from x = (u, v) in G△H will decrease d1(2d2− 1)+ d1(∆1− 1)(d2− 1)+
d2(∆2 − 1)d1 + d1(2d2 − 1)+ d2(∆2 − 1)d1 = d1(∆1 + 1)(d2 − 1)+ 2d2∆2d1 from the value d(∆− 1) altogether.
Thus, we have |I1| = d ≤ ∆, |I2| ≤ d(∆− 1)− d1(∆1 + 1)(d2 − 1)− 2d2∆2d1.
Then l ≤ 2|I1| + |I2| ≤ 2d+ d(∆− 1)− d1(∆1+ 1)(d2− 1)− 2d2∆2d1 = d(∆+ 1)− d1(∆1+ 1)(d2− 1)− 2d2∆2d1 =
(d1d2 + d2)(∆1∆2 +∆2 + 1)− d1(∆1 + 1)(d2 − 1)− 2d2∆2d1 , f (d1, d2).
Then f (d1, d2) has the absolute maximum when d1 = ∆1, d2 = ∆2 for 0 ≤ d1 ≤ ∆1, 0 ≤ d2 ≤ ∆2. And
f (∆1,∆2) = (∆1∆2 +∆2)(∆1∆2 +∆2 + 1)−∆1(∆1 + 1)(∆2 − 1)− 2∆2∆2∆1
= ∆(∆+ 1)−∆1(∆1 + 1)(∆2 − 1)− 2∆22∆1
= ∆2 +∆−∆21∆2 − 2∆22∆1 −∆1∆2 +∆1 +∆21.
Therefore λ2,1(G△H) ≤ l ≤ ∆2 +∆−∆21∆2 − 2∆22∆1 −∆1∆2 +∆1 +∆21. 
In [13], it is proved that λ2,1(G△H) ≤ ∆1(∆1 − 1)∆2(∆2 − 1)+∆1∆2(∆2 − 1)+∆2(∆2 − 1)+ 2∆.
Because∆1(∆1−1)∆2(∆2−1)+∆1∆2(∆2−1)+∆2(∆2−1)+2∆−(∆2+∆−∆21∆2−2∆22∆1−∆1∆2+∆1+∆21) =
∆21∆
2
2 −∆21∆2 −∆1∆22 +∆1∆2 +∆1∆22 −∆1∆2 +∆22 −∆2 + 2∆1∆2 + 2∆2 −∆21∆22 − 2∆1∆22 −∆22 −∆1∆2 −∆2 +
∆21∆2 + 2∆22∆1 +∆1∆2 −∆1 −∆21 = 2∆1∆2 −∆1 −∆21 = ∆1(2∆2 −∆1 − 1), we reduce the bound when∆2 > ∆1+12 .
The converse skew product G∇H has a symmetric structure with the skew product G△H . Hence we can obtain an upper
bound in terms of the maximum degree of G∇H for any two graphs G and H similarly.
Theorem 3.2. Let ∆,∆1,∆2 be the maximum degree of G∇H, G, H respectively. Then λ2,1(G∇H) ≤ l ≤ ∆2 + ∆ − ∆22∆1 −
2∆21∆2 −∆2∆1 +∆2 +∆22.
In [13], it is proved that λ2,1(G∇H) ≤ ∆1(∆1 − 1)∆2(∆2 − 1)+∆2∆1(∆1 − 1)+∆1(∆1 − 1)+ 2∆.
Because∆1(∆1−1)∆2(∆2−1)+∆2∆1(∆1−1)+∆1(∆1−1)+2∆−(∆2+∆−∆22∆1−2∆21∆2−∆2∆1+∆2+∆22) =
∆2(2∆1 −∆2 − 1), we reduce the bound when∆1 > ∆2+12 .
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